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On Sample-Path Staleness in Lazy Data Replication
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Abstract—We analyze synchronization issues between two point
processes, one modeling data churn at an information source and
the other periodic downloads to its replica (e.g., search engine, web
cache, distributed database). Due to pull-based synchronization,
the replica experiences recurrent staleness, which translates into
some form of penalty stemming from its reduced ability to per-
form consistent computation and/or provide up-to-date responses
to customer requests. We model this system under non-Poisson up-
date/refresh processes and obtain sample-path averages of various
metrics of staleness cost, generalizing previous results and exposing
novel problems in this field.

Index Terms—Replication, staleness.

I. INTRODUCTION

ITH the massive growth of the Internet and deployment

of large-scale distributed applications, mankind faces
new challenges in acquiring, processing, and maintaining vast
amounts of data. In response to this flood of information, com-
panies deploy cloud-based solutions designed to provide repli-
cated and distributed support to the skyrocketing storage and
processing demand of their users.

One interesting problem in these applications is the highly-
dynamic nature of content, especially when perfect synchro-
nization of sources, replicas, intermediate caches, and various
computation is impossible. In fact, many large-scale distributed
systems (e.g., airline reservations, online banking, web search
engines, social networks) operate under constant data churn and
may never see consistent snapshots of the entire network. As a
result, these applications may hold and/or manipulate a mixture
of objects that existed at the source at different times ¢ in the
past. This leads to questions about staleness, synchronization
costs, and techniques for deciding optimal refresh policies.

In traditional databases, the source opens outbound com-
munication with the replicas whenever it detects important
changes. This enables push-based operation that actively ex-
pires stale content and broadcasts notifications into the system.
Even under multi-hop replication, staleness lags in these sys-
tems are described by simple models that can be reduced to
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convolutions of single-hop notification delays. In other cases,
however, scalability and administrative autonomy require that
sources operate independently and provide information only
based on explicit request, especially when they are unable to
track their replicas or adopt modifications to existing protocols.

This pull-based replication (also called optimistic or lazy)
improves both scalability of the service and availability of the
data, but at the expense of increased age of manipulated con-
tent [25], [48]. This model of operation has enjoyed ubiquitous
deployment in the current Internet (e.g., HTTP, DNS, network
monitoring, web caching, RSS feeds, stock-ticker aggregators,
certain types of CDNs, sensor networks); however, it still poses
many fundamental modeling challenges. Our goal is to study
them in this paper.

A. Motivation and Objectives

Suppose a replica is a system whose goal is to synchronize
against information sources, apply certain processing to down-
loaded content, and serve results to data consumers. One chal-
lenge of this architecture is that sources not only require pull-
based operation, but also lack the ability to predict future up-
dates, which makes real-time estimates of remaining object life-
time (i.e., TTL) unavailable to the replica.

As information evolves at the source, which we call data
churn, the replica may become stale and provide responses to
that do not reflect the true state of the system. In such cases,
we assume that user satisfaction and system performance are
directly rated to the amount of time by which the replica is lag-
ging behind the source. To convert time units into cost, suppose
the application applies some weight function w(z) to the age of
stale content to determine the penalty associated with a partic-
ular refresh policy and data-churn process. Then, the goal of the
system is to optimize the expectation of penalty observed by a
stream of arriving customers.

This problem has been considered in the context of web sys-
tems [5], [6], [91-{11], [13], [17], [18], [20], [23], [26], [29],
[301, [33],[34],[38], [41], [47]; however, analytical results have
predominantly assumed a Poisson update process at the source,
with function w(z) limited to either 1 or x. However, real sys-
tems driven by human behavior often require more complex
families of processes (e.g., with heavy-tailed inter-update dis-
tributions, non-stationary dynamics, and slowly decaying corre-
lation). Similarly, user sensitivity to outdated material may ex-
perience rapid increases for small 2 and eventual saturation for
larger x, in which case other weight functions might be more ap-
propriate. Since application performance under general update
processes and wider classes of w(x) is currently open, we aim
to fill this void below.
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B. Contributions

Consider a single source driven by an update process Ny and
a single replica with the corresponding download process Np,
which is independent of Ny;. Our first contribution is to pro-
pose a general framework for modeling staleness under arbi-
trary stochastic processes (Nyr, Np). Since staleness age and
various penalties derived from it are usually defined in terms of
sample-path averages [9]-[11], [13], [17], [18], [20], [29], [33],
[34], [38], [41], [47], questions arise about their existence and
possible variation across multiple realizations of the system. We
address this issue by identifying the weakest set of conditions
for which the distribution of staleness age exists and converges
to a deterministic limit.

Armed with these results, our second contribution is to
model interaction between the age processes of (Ny, Np). For
staleness to be a function of inter-update delays, we discover
that sample-path ages of both processes, examined at the
same random time (J, must be asymptotically independent.
Interestingly, this condition does not automatically follow from
independence of Ny and Np, their stationarity, ergodicity,
or even all three constraints combined. Instead, we show that
it translates into a form of ASTA (Arrivals See Time Aver-
ages) [31], where the download process Np must observe the
sample-path distribution of update age.

Under the condition of age-independence, our third contri-
bution is to derive the distribution of time by which the replica
trails the source, the fraction of consumers that encounter a stale
copy, the average number of missing updates from the replica
at query time, and the general staleness cost under all suitable
penalty functions w(z). Our results involve simple closed-form
expressions that are functions of limiting age distributions of
both processes.

Our fourth contribution is to analyze conditions under which
Np produces provably optimal penalty for a given download
rate. We show that penalty reduces if and only if inter-refresh
delays become stochastically larger in second order. This leads
to constant synchronization delays being optimal under all Ny,
and w(z). This, however, presents problems in satisfying ASTA
and creates a possibility of worst-case (i.e., 100%) staleness due
to phase-lock between the source and the replica. To this end, we
discuss broad requirements for ensuring that Np avoids these
drawbacks while remaining optimal.

We finish the paper with our last contribution that considers
the practical aspects of staleness, including experimentation
with Wikipedia page updates, error analysis of previous Poisson
models, estimation of search-engine bandwidth requirements,
and generalization to multiple sources/replicas.

II. STALENESS FORMULATION

We start by explaining the underlying assumptions on the
system, defining the various processes that determine informa-
tion flow, and specifying the metrics of interest.

A. System Operation

We assume a model of distributed data generation, replica-
tion, and consumption shown in Fig. 1. During normal system
operation, sources sustain random updates in response to ex-
ternal action (e.g., new posts on Facebook, traffic congestion
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Fig. 1. System model (arrows signify the direction of information requests).
(a) Aggregation. (b) Backup/load-balancing.

in Google maps) or possibly some internal computation (e.g.,
MapReduce [15] indexing with periodic writes to disk). In ei-
ther case, each update represents certain non-negligible infor-
mation that manipulates the current state of the source.

Replicas operate independently of the sources and perform
one of the two general functions shown in the figure—many-
to-one aggregation in part (a) and one-to-many replication in
(b). The former case arises when the replica executes certain
processing on multiple objects to provide the consumer with re-
sults that cannot be obtained otherwise. These applications in-
clude search engines, data-centric computing, and various web
front-ends that cache queries against back-end databases. The
purpose of the latter case is to handle failover during source
crashes and/or ensure scalable load distribution under heavy
customer demand. Applications in this category include CDNSs,
large websites, data centers (e.g., Amazon EC2), and various
distributed file systems.

The final element of Fig. 1 is the consumer, which sends a
stream of requests that represent either queries for information
or attempts to recover the most-recent state of the source after
it has crashed.

B. Updates and Synchronization

We next model interaction between a single source and a
single replica, which is a prerequisite to understanding system
performance. Suppose the source undergoes updates at random
times 0 = uy < uz < --- and define Ny (¢) = max{i : u; < ¢}
to be a stochastic process that counts the number of updates in
[0,%]. When referring to the entire process, rather than its value
at some point, we omit £ and write simply Ny .

For the replica, denote its random download (synchroniza-
tion) instances by 0 = d; < da < --- and the corresponding
point process by Np(t) = max{k : dy < ¢}. This formulation
neglects processing delays and treats all events as instantaneous.
We additionally assume that both processes are simple and inde-
pendent. Now, suppose the inter-update delays of Ny are given
by arandom process {U; }5°, and inter-download cycles of Np
by {Dy}72, which are illustrated in Fig. 2. Each of these se-
quences may be of fairly general nature, e.g., correlated and/or
non-stationary.

C. Cost of Staleness

To understand the penalty of outdated content, suppose
M(t) = Ny(t) — Ny(dn,)) counts the number of updates
missing from the replica at time ¢ (e.g., in Fig. 2, M(t) = 2).
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Fig. 2. Process notation.

This is a discrete-state process that increments for each update
and resets to zero for each synchronization.

Definition 1: A replica is called stale at time ¢ if M (t) > 0.
Otherwise, it is called fresh.

From the consumer's perspective, stale material reduces user
satisfaction and lowers system performance, which needs to be
translated into a cost metric that can be expressed via some
known parameters of the system. The most basic penalty is the
probability that the replica is stale at the time of request, i.e.,
P(M(t) > 0), which determines how often users see outdated
information and/or fail to fully restore a crashed source. The
second obvious metric is the expected number of missing up-
dates E[M (t)], which measures the amount of lost information
during a crash and estimates the difficulty in recreating it from
the most recent checkpoint. This penalty is also important for
Internet archiving applications that aim to capture every snap-
shot of the source [24] and situations when larger M (t) may
imply higher information divergence between the replica and
the source.

More sophisticated cases are also possible. Suppose the
source runs some computation, with updates representing cer-
tain intermediate states that are written to disk. A crash at time ¢
requires computation to be restarted, which means that the
penalty is determined not by M (t), but rather by the duration
of the computation that was lost due to staleness. Services that
charge per CPU time-unit (e.g., Amazon EC2) may want to
optimize against this metric rather than E[M (t)]. Furthermore,
if the difficulty of recovering each update from other storage
is proportional to the delay since the update was made, then
staleness cost may be based on the combined lag of all missing
updates at time ¢.

Definition 2: For a stale replica at time ¢, define lags L; (t) >
La(t) > -+ > Lps)(t) to be backward delays to each unseen
update , i.e, L;(t) =t — UN (£)— M(t)+i-

This concept is illustrated in Fig. 3(a) for the first two lags.
To keep the model general and cover the various options al-
ready seen in the literature [5], [6], [9], [10], we assume that
the consumer is sensitive to either just lag Ly (%), i.e., how long
the source has been stale at time ¢, or the entire collection of lags
{L1(t), ..., Ly ()}, ie., how long each uncaptured update
has been stale. Since it is usually difficult to predict the value of
information freshness to each customer, one requires a mapping
from staleness lags to actual cost, which we assume is given by
some non-negative weight function w(x).

Definition 3: At time t, the source penalty is given by the
weight of the delay since the replica was fresh last time:

=30 24020

(1)
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Fig. 3. Penalty lags and process age. (a) Staleness lags. (b) Age.

while the update penalty is given by the aggregate weight of all
staleness lags:

_ [ SMO (L) M) >0
p(t) {0 otherwise

2)

For example, w(a) = 1 produces the first two metrics dis-
cussed above, i.e., P(M(t) > 0) via E[n(t)] and E[M (t)] via
E[p(t)]. Both (1) and (2) are random variables, which suggests
that system performance should be assessed by their average
values. But as neither Ny nor Ny is assumed to be stationary,
the expected penalty requires additional elaboration. Instead of
considering F[n(t)] and E[p(t)], which may depend on time ¢, it
is more natural to replace them with sample-path averages [10]:

1 /7 I
7= lim T/o n(t)dtand p = lim f/o p(t)dt,  (3)
where consumers are modeled as being equally likely to query
the replica at any time in [0, 00).

D. Relationship to Prior Work

The majority of the literature on source penalty 77 is limited to
Poisson Ny, either constant or exponential D, and w(xz) = 1 or
z [8]-[10], [13], [33], [42], [44], [47]. There has been only one
attempt to model 77 under a renewal process Ny, in which [44]
assumed w(x) = 1 and the entire sequence of refresh instances
{d1,d>, ...} was known. While appropriate in some cases, this
model is difficult to evaluate in practice when Np is given by
its statistical properties.

Update penalty g has received less exposure, with almost all
papers considering Poisson updates and just constant D. This
includes w(xz) = 1, where g is usually called divergence [23]
or blur [16], with analysis available in [17], [18], [38], and
w(z) = x, where p is known as additive age [28), aggregated
age [29], delay [38], or simply cost [17]. Finally, p with a gen-
eral w(z) was called obsolescence cost in [18] and analyzed
under a non-stationary Poisson /Ny, but no closed-form results
were obtained.

The Poisson assumption on Ny allows easy computation of
the various metrics of interest. Outside these special cases, su-
perposition of non-memoryless processes produces much more
complex behavior.

III. AGE MODEL

While (3) is convenient, it is unclear whether these limits
exist, if they are finite, and under what conditions they are de-
terministic. We investigate these issues next.
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A. Main Framework

We start by performing a convenient transformation of (3)
to remove the integrals. Define @ to be a uniform random
variable in [0,7], which models the random query time of
consumers. Suppose (7 is independent of Ny and Np,
in which case (3) is the limit of E[n{Qr) Ny, Np] and
Elp(Qr)|Ny,Np] asT — oo. To keep formulas manage-
able, we sometimes omit explicit conditioning on processes
(Ny, Np); however, it should be noted that all expectations
and probabilities are still computed within each sample path
(i.e., with respect to Q1 only).

At time ¢, suppose age processes Ay (t) and Ap (), shown in
Fig. 3(b), specify delays to the previous update and synchroniza-
tion event, respectively. Using this notation and observing that
M (t) > 0 is equivalent to Ay (¢) < Ap(¢), define an ON/OFF
staleness process:

SO={) shemie

) “

whose properties at random time Q7 determine whether the
consumer sees outdated information or not.

To analyze (4), our next topic is the behavior of Ay (@) and
Ap{QT) as T — oo, including existence of these limits and
their relationship to {U;}$¢; and {Dy}3° ;.

Assumptions

We next aim to establish a minimal set of conditions under
which analysis of staleness admits closed-form results. Con-
sider a point process N with cycle lengths {X;}3°,, where
each X; ~ F;(z) is a random variable. In order for the age
A(Qr) of this process to have a usable limiting distribution as
T — oo, one must impose three constraints on NV, which we
discuss informally and motivate next, followed by a more rig-
orous definition.

The first restriction is that collection { X}, within each
sample-path have some limiting distribution F'(z). If this fails
to hold, staleness in (3) does not exist either. The second prereq-
uisite is that F'(z) not be a random limit. This condition ensures
that almost all sample-paths produce the same result. Finally,
the third condition is that an o(1) fraction of cycles must con-
sume an o(1) fraction of length as n — co. Allowing otherwise
would be a problem because F'(x}), being a limiting distribution,
does not capture these intervals, but Q still lands there with a
non-diminishing probability as T — oo (we discuss an example
demonstrating this effect shortly).

Let 1,4 be an indicator variable of A and F(z) = 1 — F(x)
the complementary CDF (cumulative distribution function) of
F'(x). We are now ready to summarize our discussion.

Definition 4: A process N is called age-measurable if:

1) For all z > 0, except possibly points of discontinuity

of the limit, sample-path distribution H,,(x) of variables
{Xi,..., X, } converges in probability as n — oo:

H,(x):= % D 1x,<o D F(2). 5)

i=1

2) Function F'(z) is deterministic with mean 0 < § < oo;
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3) The average cycle length converges to ¢ in probability as
n — oo

ke3

1 < _
Z, = —ini(sz/ Flz)dz.
0

n-
i=1

Q)

Note that any renewal process { X; }32; satisfies this defini-
tion since all F;(z) are the same, which from the weak law of
large numbers trivially leads to F(x) = F;(x) and Z,, — 4.
Furthermore, condition (6) resembles mean-ergodicity, which
is normally stated with a stronger type of convergence (e.g.,
mean-square or almost-sure) and only for stationary processes.
For other cases, the fact that indicator variables are uniformly
bounded allows application of the Dominated Convergence
Theorem (DCT) [36] to show that F'(x) is the limiting average
of individual distributions:

Bl ()] = 3" File) = F(a). g

It is pretty clear that (5) is not implied by (6). If { X}, are
uniformly bounded, the reverse can be inferred (i.e., (6) follows
from (5)); however, this does not hold universally. In fact, many
random variables used in practice (e.g., exponential and Pareto)
are not bounded and thus require an explicit assumption that
convergence in (6) take place. Additionally, even if this limit
exists, it does not generally equal 4, which is why we require
that as well.

B. Distribution

Define the sample-path distribution of age A(Qr), in points
Qr uniformly placed in [0, T, to be:

G(z,T) == P(A(Qr) < z|N). @®)

For an age-measurable process NV, suppose the residual (age)
distribution of its F'(x) is given by:

G)i=5 [ Py ©
0

It is well-known that a renewal [46] or regenerative [39] as-
sumption on N yields G(z,T) — G(z) asT — oo. Our next
result produces a condition that is both sufficient and necessary
for this to hold.

Theorem 1: Process N is age-measurable if and only if
N(I)/T is almost surely bounded and G(z,T) converges in
probability to G(z).

Proof: We start with the forward (sufficiency) proof. Con-
sider an age-measurable IV and let Sy, = Zle X, be the k-th
arrival point of this process. Note that almost-sure bounded-
ness of N(T') /T immediately follows from (6) and the fact that
§ > 0. The rest of the proof deals with convergence of G(z, T').

Assume some constant 2 > 0. Then, event A(Qr) < z is
equivalent to the existence of some & > 1 such that Q1 belongs
to the k-th interval [Sk, Sk+1), under the condition that starting
point S < T and age Q1 — Si < z. Defining

Wi, = min((T — S)*, X, z), (10)
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where (z)T = max(:L 0), we get:

G(z,T) = ZP(Sk < Qr < S + Wi|N).
k=1
Since Q7 is uniform in [0, T'], the probability that it falls into
an interval of length Wy, is simply Wy /T

A%? min(T — Sk, Xk, z)

T K
k=1

where the upper limit is reduced from oo to N(T) since
(T — Sk)" =0 for k > N(T). Recalling that all probabilities
and expectations are dependent on the sample path, it follows
that G(x, T') is a random variable. Our goal below is to show it
converges to a constant as ' — oo. To this end, first observe
that it can be bounded as:

,ng:(?—l min( Xy, x)

S X
where we use the fact that 7' — S, > X}, for all k <N(T
and T € [0 D7 X5, SV xy).

Next, notlce that (5) implies that for all bounded, continuous
functions f(x) [36]:

(11)

G(z2,T) =

(12)

< (o 1) < Zimt, mm(X’“’ 2

(13f

1 o« >
S re) [ s@are (149
i=1 0
which leads to:
| V@ .
— min( Xz, 2) L>/ min(y, x)dF (y). (15)
YTy 2= !
Using (6), we also have:
N(T)—1
v 2 Xk*nhn;azxk =& U9

Since both bounds in (13) have the same limit, G(x, T') con-
verges in probability! to the ratio of (15) to (16):

%/OOO min(y, x)dF(y) = %/: F(y)dy,

where the second integral follows from expanding the min func-
tion and integrating by parts.

We now present the reverse (necessity) proof. Assume that
G(z,T) — G(z) for some G(z) and N(T')/T is bounded.
Our goal is to show convergence of (5) and (6) to such deter-
ministic limits that satisfy (9). From the Bolzano-Weierstrass
theorem [19], every subsequence nj, contains a further subse-
quence n;, — oo such that

(17)

(18)

where (11 > 0 with probability 1 from N(T')/T being
bounded. Note that this limit may depend on the subse-
quence. To show finiteness of (5{%}, notice that (13) and
G(z,T) — G(2) implies that for all 2 > 0:

o1, min(X;, x)
Z?:l Xi

Moreover, since G (&, T') monotone and bounded by 1, convergence is uni-
form in & [3].

P
Z“L — 5{”;}’

5 G (). (19)
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The left side of (19) is concave in [0, oo], which means that
G(2) must be either concave or degenerate at 2 = 0. From (18)
and (19), we know that:

’

1
x> E Zmin(Xi,l‘) L)(S{n;e}G(SL'),
v =1

(20)

where letting x — 0 establishes that the latter case is impos-
sible. Therefore, G'(z:) must be concave, G(x) > 0 for z > 0,
and finally (5{%} < 0.

From Helly s selection theorem [3], there exists a further sub-
sequence nj, — oo of n}, along which (18) holds and:

Hpo () -5 From (2), 1)

where the limit is a proper CDF from Prohorov's theorem [3].
What remains to prove is that limits (18), (21) are independent of
the subsequence and establish their relationship to G(2). Using
an analog of (14) for subsequences and applying (15):

T-Lé’l min(X;, 1 v
szl ( ) L> /0 F{ng}(y)dy

Onisy

Invoking (19), this limit equals G(x). Assuming F(z)
is some CDF, a function can be represented in the form of
(9) using a unique pair (3, F(z)). Therefore, F(2) must be
F{ng}(;v), which shows that for every subsequence nj there
exists a further subsequence nj; such that H,y(z) — F'(z) and
Zp; — 6. But this means that the full sequence H,,(x) — F(x)
and Zn — 6§ € (0,00), i.e., (5), (6), and (9) hold. [

To elaborate on this result, consider independent variables:

. — { 1 wpl—1/Vi

3 \/{ Wp 1/\/; 9
whose limiting distribution in (5) is a constant with § = 1. How-
ever, Z,, in (6) converges to 2. Consequently, the distribution of
age A(Q)7) cannot be determined based on F'(x). Even worse,
(9) suggests the age is uniform in [0, 1], while A(Qr) is asymp-
totically finite only with probability 1/2.

(22)

(23)

C. Expectation

While Theorem 1 establishes when A(Qr) has a limiting
distribution, convergence of expectation E[A(Qr)|N] or suit-
ability of G(z) for computing it are not guaranteed. Further-
more, given that consumers may apply generic weights w(z} to
the various age-related metrics, it is important to identify when
Elw(A(Qr))|N] exists as T — oo.

To build intuition for the next result, assume X ~ F(z) is
a non-negative variable and define its age A to be a random
variable with CDF G(z) in (9). Then, we are interested in the
relationship between E[w(A4)] and X . To this end, suppose for
any locally integrable function w(z), we set wy (z) = w(z) and
then recursively integrate the result n — 1 times to define:

w () = / ().

Using integration by parts in Lebesgue-Stieltjes integrals and
keeping in mind that w,,41(0) = 0 forn > 1:

24

Bl (X)) = / " (@) F(2)de = Elwn(A)E[X]. 25)
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Therefore, in order for E[w{A)] to exist, one must ensure that
both E[w2(X)] and E[X] do. Note that the latter does so by (6),
but the former requires an additional constraint.

Definition 5: A point process N is called age-measurable by
weight functzon w(x) if it is age-measurable and

—sz

Note that age -measurable by a constant is equivalent to
simply age-measurable since in that case (26) becomes (6).
We omit the proof of the next result as it follows that of
Theorem 1 pretty closely.

Theorem 2: For aprocess N that is age-measurable by w(z},
the sample-path expectation of w(A(Qr)) converges in proba-
bility as T — oo:

Jim Elw(AQn)N = [ w(2)d6(a).
—S 00 O
To understand this better, consider another counter-example:

XY, — 1 wpl—1/i
: Vi wpl/i

The limiting distribution in (5) is again a constant equal to 1,
but this time (6) converges to § = 1, which makes this process
age-measurable. However, for w(z) = z, the sum in (26) oscil-
lates between 25 and 30 as n increases, while the corresponding
integral is 1/2. As a result, N is not measurable by w(z) and
E[A(Qr)] does not converge as T — oc.

From this point on, we omit explicit conditioning on the
sample-path since results do not depend on N for age-measur-
able processes. However, we keep in mind that all probabilities
and expectations involving Q7 are still taken in the sample-path
sense.

)L €5 wa(a)dF(2) < . (26)

@7

(28)

IV. STALENESS COST

This section models the probability of staleness and expected
cost under both penalty metrics defined earlier.

A. Age Independence

We now return to examining (4). In order to determine when
the replica is stale, one requires comparison of Ay (Q7) with
Ap(QT), which may not be independent random variables,
even if Ny and Np are. To prevent such cases, which are
called phase-lock [4], conditions known as ASTA (Arrivals
See Time Averages) [31] must apply to the age of one process
when sampled by the arrival points of the other. This issue is
delayed until a later section, but now we define more clearly
what independence of Ay (@) and Ap(QT) means.

Specifically, suppose (Ny7, Np) are age-measurable. Then,
let Fiy(x) and Fp(z) be respectively the limiting CDF func-
tions of interval lengths defined in (5), with the corresponding
average rates 4 and A, i.e.,

1 R 1 .
— :/ Fy(z)de and — :/ Fp(x)dz.
1 0 A 0

Further, let U ~ Fy(z) and D ~ Fp(z) be random up-
date and download cycle lengths. Similarly, suppose G (z)
and Gp(x) are the limiting CDFs of age from (9), with
lower-case functions g¢y(z) and gp(x) representing the

29
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corresponding PDFs. When the necessary limits exist, let
Ay ~ Gy(z) and Ap ~ Gp(x) denote the two random ages
asT — .

Definition 6: Two age-measurable point processes Ny and
Np are called age-independent if for all z,y > 0:

Jim P(Ap(Qr) < 2lAu(@r) =y) = Gplx).  (0)

If either Ny or Np is Poisson, (30) is guaranteed from
PASTA (Poisson Arrivals See Time Averages) [45], which ex-
plains why prior work did not encounter these nuances. To shed
more light on this condition, consider independent stationary
renewal processes Ny and Np with lattice? inter-arrival dis-
tributions, each with integer span. Due to stationarity, the first
cycles are Uy ~ Gy(x) and D; ~ Gp(z). Both Ay (Q7) and
Ap(QT) have continuous distributions; however, conditioning
on the pair of sample paths, Ay (Qr) — Ap(Qr) — Uy + Dy
can only take integer values. Consequently, age-independence
(30) cannot hold, not even asymptotically.

Unconditionally, however, the ages are independent:

P(Ay(Qr) <z,Ap(Qr) <y)
:E[E[IAU(t)SwlAD(t)Sy‘QT]]

1 T
:f/o By, <elapm<yldt

_ % /0 P(Au(t) < 2)P(Ap(t) < y)dt

=Gu(z)Gp(y),

although this has no bearing on staleness.

To give a more concrete meaning to the conditional proba-
bility in (30), we have the next result.

Theorem 3: Age-independence implies that Ap (t) sampled
in update points of Nyr produces a sequence of random variables
that converges in distribution to Gp(z):

Ny (T)

Z Lap(u<

Proof: First deﬁne d(y, T} to be the number of points in
[0, T] where Ay (t) = y occurs. Recalling that «; = 0, this can
be expressed as:
Ny (T) Ny (T

E 1vi>yuity<r = E 1U1>y

Next, let c(y, T) be the number of these points in which the
download age Ap is smaller than z:

(€2))

<2 = Gp(a). (32)

T#)oo ]\T

us+y<T-

Ny (T)
c(y,T): Z 1U¢ZQ~“1‘+HST,AD(U7‘,+Q)<1

i=1
Ny (T)

= Z o>y - usty<r - Lap (uity)<ar (33)

Noticing that
ey, T)
P(Ap(Qr) < 2| Ap(Qr) = y) = 34

2A random variable X is called lattice if there exists a constant ¢ such that
X/c is always an integer.
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Fig. 4. Examination of (36) under ;& = 2. (a) Pareto U, constant D. (b) Con-
stant [J, Pareto D.

and applying Theorem 1, we get using (30):

o e € T)
Gole) = fim lim, o T

Nu(T)
= N Lap (s 35
Tl—Igo NU(T) ; Ap(ui)<w> ( )
which is (32) with the two sides swapped. -

B. Preliminaries

Our first objective is to derive the probability of staleness.
Theorem 4: Assuming that Ny and Np are age-independent,
the probability of staleness at time ¢} converges in probability
as T — oo to:
PS@r) = 1) = pimit [ Fow)Golu)dy.  (6)
Proof: Due to the existence and independence of Ay (Qr)
and Ap(Qr) in the limit, we immediately obtain:
p=P(Ap > Ay) = /o Gp(y)dGu(y)- (37)
Expanding dGy (y) = pFu(y)dy leads to the result. ]
To perform a self-check against prior results with Poisson
Ny, observe that (36) simplifies to p = 1 — A(L — e #/*)/p
under constant D and 4 /(p + A) under exponential D, which
are consistent with [10], [13]. Simulations in Fig. 4 examine
model accuracy in more interesting cases of general renewal
processes. We use Pareto CDF 1 — (1 + 2/8) > witha = 3
and mean /(o — 1) = /2. Observe in the figure that the
model matches simulations very well, with constant download
intervals performing significantly better against Pareto update
cycles in (a) than the other way around in (b). For example,
synchronizing pages at their update rate (i.e., A = p = 2) serves
stale copies with probability 33% in the former case and 66%
in the latter. Furthermore, for the same p, the scenario in (a)
requires roughly 4 times less bandwidth than in (b).
The next intermediate result is the distribution of the first lag
L1(Qr), which relies on p in (36).
Theorem 5: If Ny and Np are age-independent, the CDF of
L1(Qr) converges in probability as T — oo to:

Frx)=1" /0 Fo)Cole tudy.  (8)

p
Proof: Consider the ON/OFF staleness process in
Fig. 5(a) and suppose the query time ¢ falls in the ON pe-
riod. Then, since 7 is uniformly random within this cycle, the
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Fig. 5. Visualizing the proof of Theorem 5. (a) Staleness process S(2). (b) Re-
ward of each cycle.

backward delay L; (¢) is symmetrical to the forward (residual)
delay Rp(t), meaning they have the same distribution. Note
that it is important to condition on Ap(#) > Ay(t) since
residual Rp(t) depends on age Ap(%), i.e.,

P(Ly(t) > x) = P(Rp(t) > x|Ap(t) > Au(h)).  (39)

Since Ny and Ny are age-independent, we can condition on
Ay (Q1) = y without impacting the distribution of Ap(Q7) or
Rp(QT). Following the proof of Theorem 1, define Ly, = dy +
yand M, = min(T', dj, 1 —z) to be the lower/upper boundaries
within synchronization interval k such that if Q7 € [Lg, My],
then Rp(Qr) > = and Ap(Qr) > y. See Fig. 5(b) for an
illustration.

Define Cr = P(L1(Qr) > z|Ay(QT) = y) and observe
that it converges as T’ — oo:

1 oC
Cr =% > P(Lp < Qr < My)
k=1

1 N(T)
=— > (Dr—(a+y)”

(e8]

_ A _
-2/ G Py = / . T(e)ds

Y ap(a
- _/ go(z)az = SPIHY),
P Tty p

T —
A x0
- = max(z — (z +y),0)dFp(z)
P Jo
A X

(40)

Unconditioning A7 (@7) and keeping in mind that its distribu-
tion is well-defined as T" — oo, we get (38). [ |

Theorem 5 allows a simple expression for the fraction of re-
quests ¢(7) that observe content outdated by less than 7 time
units, which was called 3-currency in [5] and A-consistency in
[42]. This can be expressed as:

o(r) =1 Fy(r)p= / T )Gl + )y, @D)

which conveniently simplifies to P(Ap — Ay < 1), where
Ap — Ay is the generalized lag between the replica and the
source, i.e., non-positive values mean fresh states. Fig. 6 com-
pares (41) to simulations using A = p. As seen in the figure, this
page retrieved ata random time is stale by less than 7 = 0.4 days
(9.6 hours) with probability ¢(7) = 98% in the first case and
62% in the second.

C. Source Penalty

We are now ready to derive a general formula for 7.
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Fig. 6. Examination of (41) under A = p = 2. (a) Pareto U, constant D.
(b) Constant U, Pareto D.

Theorem 6: 1If Niy and Np are age-independent, while Np is

age-measurable by w(z), the source penalty converges in prob-
ability to:

= A /O°° Fu(y) /0“‘“ w(z)Fp(a + y)dady.

Proof: First, observe that

(42)

= Elw(L1)|P(Ap > Ar), (43)
(2

where Ly ~ Fp(z). Working back from (38), the tail CDF of
L} can be written more compactly as:

P(L1>I):P(AD—AU >£U‘AD >AU). (44)

Since Ly = Ap — Ay > 0, conditioned on Ap > Ay, it
suffices that only Np be measurable by w(z). In that case:

7= Elw(L1)|P(Ap > Ay) :p/ w(z)dFr(z), (45)
0
or equivalently:

7= /0 gu(y) /0 w(z)gp(x +y)dedy  (46)
which immediately leads to (42) after expansion of gy (z) =
pky(x) and gp(z +y) = AFp(z +y). u

With w(x) = 1, (42) reduces to staleness probability p al-
ready discussed above. For the other case w(z) = z seen in the
literature, we obtain the expected staleness age 77 = E[L1(t)]p
by which the replica trails the source. Under Poisson Ny and
constant DD, we get from (42):

11 Al—e#?
i R S — 47
=35 " n + 2 , (47)
and when both distributions are exponential:
_ %
= —. 48
=5 Ot (48)

These special cases are consistent with [9]. Simulations in
Fig. 7 additionally confirm that (42) is accurate under general
renewal processes. Also observe in the figure that the combina-
tion in (b) continues to offer inferior performance to that in (a);
however, the difference between the two scenarios is now more
pronounced. For example, using the same A = 1 considered ear-
lier, search-engine clients encounter indexing results outdated
on average by 0.06 days (1.5 hours) in the left subfigure and by
0.8 days (19 hours) in the right. This example shows how drasti-
cally the cost changes based on the shape of Fyy(z) and Fp(z),

2865

i | © simulation
i |=—model

1 2 3 4 1 2 3 4
download rate 2 (per day) download rate X (per day)

(@) (b)

Fig. 7. Examination of (42) under w(z) = z, u = 2. (a) Pareto U, constant
D. (b) Constant U, Pareto D.

which emphasizes the importance of utilizing models that can
accurately handle any underlying processes (N7, Np).

We now offer a more intuitive look at source penalty. Mod-
ifying w(z) to be zero for negative «, we can rewrite (42) in a
more compact form:

n=E[w(Ap — Ap)] = AE[w2(D — Ay)].  (49)

This result shows that 7 is determined by the positive devia-
tion of the generalized lag Ap — Ay from zero, or equivalently
by that of D — Ay, where the weight applied to each deviation
is given respectively by w(x) and w,(z). The only caveat is that
simplification (49) requires weight functions that can explicitly
handle negative arguments, e.g., a constant penalty would be
w(2x) = 1,5 rather than just w(z) = 1. Throughout the rest of
the paper, we avoid the extra notation dealing with 2 < 0, but
keep this in mind.

D. Update Penalty

Unlike the previous section, we next show that g admits a
much simpler result that depends only on the mean update rate
rather than the entire distribution Fy;(2). This was first observed
through simulations in [17] for constant IJ, but no explanation
or extension to other cases was offered.

Theorem 7: Assuming Ny and Np are age-independent,
while Np is age-measurable by ws(z), the update penalty

converges in probability to:
p = pEws(Ap)] = AuEws(D)]. (50)

Proof: Using Lebesgue-Stieltjes integrals and treating
point processes as random measures, we can re-write (2) as:

t
o) = [ wlt- 9dNu(s). (s
AD(t)
Taking the expectation along each sample path:
Qr
p= lim F / w(QT — s)dNy(s)
T—=oo —Ap(QT)
= Th—rxllo f/ / A tf s)dANU(s)dt
= lim —/ wa(Ap (£))dNy (1)
T 0
1 Ny (T)

i=1
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Applying (32), the sequence {Ap(u1), Ap(uz),...} sam-
pled in update points {u;} converges in distribution to that of
Ap(Qr)asT — o0. Then, (52) becomes:

p= lim pE[w(Ap(Qr))) (53)

Since Np is wa(a)-measurable, (27) shows that this expec-
tation converges and its limit equals ;. E[w2(Ap)]. By (25), this
is also ApE[ws(D)]. ]

To compare against prior results, consider Poisson Ny and
constant D. Then, (50) produces g = p/(2)) for w(z) = 1 and
1t/ (6X2) for w(x) = , both of which match previous analysis
of these special cases [28], [38], [47]. Generalizing to exponen-
tial D, we obtain from (50) respectively z/X and j/A\?. Inter-
estingly, this shows that switching downloads from constant in-
tervals to exponential doubles the number of missing updates
and sextuples their combined age.

For w(x) = 1, a simple closed-form expression is possible
for all D:

2
E[M@)] = %[D] = % (1+XVar(D]).  (54)
For example, Pareto D produces in (54):
_ pla—1)
BIM(t)] = Na—2)’ (55)

which for & = 3 is quadruple that of constant D and double
that of exponential D). Another peculiar case is o« — 2, where
E[M(t)] tends to infinity regardless of Ny. In fact, the up-
date process itself may exhibit Var[U] = oo, but the expected
number of updates by which the replica falls behind will still
become unbounded as o approaches 2.

Since source penalty g sums up the ages of all missing up-
dates, it allows usage of decaying functions w(z) such that
their integral is increasing. We demonstrate this effect using
w(z) = 1/(1 + 2), for which wa(2) = log(1 + ). This cost
function increases rapidly for small z, but then becomes less
sensitive to staleness as the age of replicated content grows.
Since ws(x) = (1 + x)log(1 + 2) — 2, constant D yields:

5= pl(A+ 1)log(1+1/A) —1]. (56)

For D ~ Pareto(a, 8) with & = 3 and 8 = 2/, we get:

2log(2/X)—24+A
p—2,u{ (A—2)2 )\7é2'

(57)
0.25 A=2

Fig. 8 confirms that both models are accurate, with constant
D enjoying a 60% lower penalty compared to Pareto.

V. OPTIMALITY

Motivated by (54) and consistently worse performance of
Pareto D, the goal of this section is to understand the impact,
if any, of Var[D] on penalty and determine whether there ex-
ists an optimal distribution Fp(z) that, for a fixed download
budget A, provably results in the lowest cost for all Ny and all
suitable functions w(x).
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Fig. 8. Examination of (56) and (57) under z = 2. (a) Pareto U, constant D
(b) constant U, Pareto D.

A. Stochastic Dominance

We start with general concepts from economics and game
theory that are useful for understanding optimality. For two non-
negative random variables X ~ Fyx(z) and Y ~ Fy(z), let
their CDF difference be:

H(x) = Fy(x) — Fx (), (58)
whose generalization H,,(x) is given by (24). Then, we have
the following definition.

Definition 7: Variable X is said to stochastically dominate Y
in n-th order, which we write as X >7, Y, if H,(z) > 0 for all
z € R.

This concept is important because desirable characteristics of
D can be inferred from those of Ap, as shown next.

Lemma 1: Assume E[X] = E[Y] and n > 2. Then, X
stochastically dominates Y in n-th order, i.e., X >7, Y, iff the
age of ¥ stochastically dominates the age of X in (n — 1}-st
order, i.e., Ay zg;l Ax.

Proof: Let Gx(z) and Gy («) be the CDF of Ax and Ay,
respectively. Define:

J(z) = Gy (x) — Gx(2), (59)

which can be expressed using Hz () as:

Q- Br(@)dy  [7(1- Fx(y))dy

1) =T X
Jo Fx(y) — Fy(y)dy 1
— fihe = gy ) (60

Integrating both sides n — 2 additional times leads to:

1

Jnfl(l‘) = —mHn(

x). (61)
From this and Definition 7, it follows that X >7, ¥ implies
Ay 2?{1 Ax and vice versa. [ ]
As given by the next lemma, first-order stochastic dominance
allows one to determine the relationship between expected util-
ities E[w(X)] and E[w(Y")]. While it is possible to establish a
more general version of this result using n-th order dominance,
it would restrict w(x) to a narrower class of functions and thus
would be less useful in practice.
Lemma 2: Condition X >V holds iff for all non-de-
creasing functions w(z) it follows that E[w(X)] > E[w(Y)].
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B. Penalty Analysis

Returning to the topic of information staleness, our goal is
to determine the condition under which both types of penalty
can be reduced without changing the refresh rate. Define 7j( D)
and (D) to be the source penalties corresponding to random
synchronization intervals D; and D5, both with mean 1/X. For
the opposite problem, i.e., finding the worst update distribution,
define 7(U;) and 7(U3) to be the penalties that correspond to
update intervals Uy and U5 under a fixed p.

The next result shows that stochastic (rather than variance)
ordering is needed to improve staleness penalty. Define w(z)
to be a measure if it is non-negative, non-decreasing, and right-
continuous with w(x) = 0 for z < 0.

Theorem 8: Assume the conditions of Theorem 6. For a given
Ny and fixed download rate A, Dy >2, Dy iff (Dy) < 7(Ds)
for all measures w(z). Similarly, with a given Np and fixed p,
Uy >2, Us iff p(Uy) > #(Us) for all measures w(zx).

Proof: Using (49), observe that j = E[w(Ap — Ay)] is
fully determined by the properties of variable X = Ap — Ay.
For a fixed Ay, it is not difficult to show that X becomes
stochastically smaller in first order iff Ap does. Applying
Lemmas 1-2, this means that penalty % gets smaller iff D
increases stochastically in second order.

Similarly, for a fixed Ap, X gets stochastically larger in first
order iff Ay becomes stochastically smaller. Again applying
Lemmas 1-2, penalty # increases iff U becomes stochastically
larger in second order. [ |

A similar result holds under update penalty 5. Note that all
Fy(x) with the same p are equivalent here, which is why we
state only half of Theorem 8, and w(x) is less restricted.

Theorem 9: Assume the conditions of Theorem 7. For a given
Ny and fixed A, D; >2, Dy iff p(D1) < p(Ds) for all non-
negative w(x).

Proof: Since p = pFE[ws(Ap)], where ws(x) is a measure
for all non-negative w(a), Lemmas 1-2 yield that 5 decreases
iff D gets stochastically larger in second order. |

The preceding results set up motivation to ask the question of
whether there exists a distribution that dominates all others in
second order. We answer this next.

Lemma 3: For a given mean, a constant stochastically domi-
nates all other random variables in second order.

Proof: Suppose [ is the fixed mean of all distributions
under consideration. Let Fx(x}) = 1,-; be the CDF of a
constant and Fy (x) be the CDF of another random variable ¥’
such that E[Y] = I. Our goal is to show that Hy(x) > 0.

When z < I, we have trivially:

Hla) = / *(Fy () — Fx () dy = / " Fy()dy > 0. (62)

For > [, we get:
1
Haa) = /0 Fy(y)dy + /l
=1+ /0 Fy(y)dy —x=1- /Ow(l = Fy(y))dy
>1 —/0 (1—Fy(y))dy =0,

X

(Fy (y) — 1)dy

(63)

where we use the fact that ! = [~ (1 — Fy (y))dy. ]
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This leads to the main result of this section.

Theorem 10: When the conditions of Theorems 8-9 hold,
constant inter-synchronization delays are optimal under the cor-
responding staleness metric.

This allow us to resolve the relationship between the variance
of D and penalty. If E[D;] = E[D], then D; >2, Do implies
Var[D;] < Var[Ds], but the opposite is not true. This shows
that for a given download rate, just reducing the variance of re-
fresh intervals, without enforcing Dy Zﬁt Dy, is insufficient to
improve the penalty across all functions w(z). As an example,
recall the special case of p with w(z) = 1 in (54), where the
penalty was reduced iff the variance of D was; however, no such
causality exists for w(z) = x orlog(1 + x). On the other hand,
if reduction in penalty holds for all measures w(z), then sto-
chastic ordering between D7 and D follows and thus variance
has to decrease (i.e., ordering of variances is necessary, but not
sufficient).

C. Phase-Lock

Even though constant D is optimal from the staleness per-
spective, it unfortunately fails to guarantee age-independence
(30) against a/l underlying Nir. We now deal with principles re-
lated to ASTA (Arrivals See Time Averages) [31], placing them
in our context. In general, ASTA can be viewed as a condition
that allows discrete and continuous sample-path averages of a
process X () to be equal almost surely:

LG 1t
Jim E;X(tk) = Jim — /0 X (t)dt. (64)

Let X (¢) = 14,,(1)<s and ¢ = uy. Then, if (64) holds for all
x, it follows that the distribution of refresh age Ap (¢) sampled
in update points ux equals that sampled in uniformly random
instances (J7-, which in turn is equivalent to our earlier formu-
lation (30). While we have given conditions for the right side of
(64) to exist and equal a constant almost surely, existence of the
left side or its equality to the integral is not guaranteed. ASTA
analysis focuses on the properties of points {#; } and their rela-
tionship to X (¢) that allow (64) to hold; however, this normally
requires conditions that are difficult to verify in practice (e.g.,
LAA, WLAA, LBA [31]). We therefore discuss guidelines for
ensuring that (64) is satisfied, without becoming engrossed in
unnecessary rigor.

While sampling constant update cycles with constant syn-
chronization intervals sometimes leads to phase-lock, we next
discuss how to achieve asymptotic age-independence in such
cases. To build intuition, suppose U; = 5 and Dy, = « for all
k > 1. Then, from the equidistribution theorem, Ay (dy) =
km(mod 5) is a uniformly random variable in [0, 5], meaning
that Ay (dy) has the same distribution as Ay (Qr). The key
observation is to ensure that Np puts its download points uni-
formly across the cycles of Ny;.

In general, sequence aj, = k&(mod T), where T is rational,
£ is irrational, and k € N, is uniformly distributed in [0, 7], in
which case for any Riemann-integrable function, an ASTA-like
condition automatically holds:

n T
lim. %;ﬂak) - /O f(z)d. (65)
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While using Dy, = 7 to sample I/; = 5 works well, there
is a possibility that U; itself happens to be a multiple of 7.
To preclude these cases, Np must exhibit enough randomness
to prevent Dy, /U; from becoming deterministically an integer.
One option for doing so is to require that either process em-
ploy non-lattice cycle lengths. Recall that non-lattice distribu-
tions may be entirely continuous, including the classical PASTA
(Poisson Arrivals See Time Averages) [45] and the uniform dis-
tribution often suggested for network measurement [4]. How-
ever, they can also be entirely discrete. In such cases, cycle
lengths must distribute mass across at least two values (a, b),
where a /b is irrational, e.g., pairs (7, 1) or (e, 1/2). By bringing
spread |b — a] closer to zero, it is possible to obtain a variety of
approximations to the optimal (constant) synchronization delay
with mean ! = (a + b)/2.

Note that a non-lattice distribution may still enter phase-lock
if its cycle lengths follow a deterministic pattern, e.g., both up-
dates and downloads strictly alternate between 1 and 7. To rule
out these cases, it is sufficient to require that the non-lattice
process randomize its delays, leaving the other one general. This
produces the following.

Theorem 11: 1f either Ny; or Np uses iid, non-lattice cycle
lengths, age-independence holds.

Proof: The result follows from the equidistribution the-
orem and the iid nature of delays. ]

VI. APPLICATIONS

We now examine the presence of Poisson updates in real data
sources and show how to apply the developed models to solve
several classes of multi-source/replica problems.

A. Real-Life Update Processes

We first discuss possible reasons for the frequent use of
memoryless source-update processes in the literature. If indeed
this is universal, extensions to non-Poisson dynamics may be
unnecessary. While modeling convenience is one possible ex-
planation [13], there is certain belief in the field that updates to
individual web pages can be accurately described by a Poisson
process, which has fueled this line of modeling for over a
decade [5], [6], [9]-[11], [17], [18], [20], [23], [26], [29], [30],
[33], [34], [38], [41], [47].

Intuitively, there is no fundamental reason why a single
source should exhibit Poisson dynamics, especially when mod-
ified by humans. A more likely scenario would be heavy-tailed
behavior observed in many areas of computer networks [14],
[27], [35] and user-driven distributed systems [7], [37], [40].
Another intuitively reasonable inter-update distribution is
constant, where certain information is injected into the system
periodically by design or is obtained from an ON/OFF source
(e.g., sensors trying to conserve energy).

Closer examination of the origin [10] of the Poisson conclu-
sion reveals several limitations. First, the distribution of page
inter-update intervals was sampled using incomplete observa-
tion, meaning that some of the updates went unnoticed. As a
result, bias could have been introduced in the measurements.
Second, the exponential distribution was fitted to updates of
multiple pages rather than a single page. Poisson dynamics have
been known to emerge when aggregating arrival processes [1]
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Fig. 9. George W. Bush page dynamics. (a) Distribution tail #;(z). (b) Cor-
relation p(h). (c) Update rate. (d) Model accuracy.

and summing up variables [2], which does not tell us much
about the individual distributions being combined. Finally, to
conclude that Ny; is Poisson, it is insufficient to observe an ex-
ponential distribution in {U;}$2;; instead, one must also show
stationary independent increments [46].

B. Wikipedia

Even though certain measurement studies [5], [12], [21],
[32] have found non-Poisson updates among web pages, they
also lack ground truth. These pitfalls can be avoided if model
verification is performed over sources that expose information
about each update. One particularly interesting source with
public traces of all modification timestamps is Wikipedia [43].
From a search-engine perspective, this website represents a
realistic example of data churn stemming from user interaction
with each other (e.g., edits from other people), flash crowds in
response to external events, and diurnal activity patterns of the
human lifecycle. Wikipedia is also well-suited for purposes of
model validation and discussion.

To shed light on the complexity of real Fy(z), we plot in
Fig. 9(a) the tail CDF of inter-update delay for the most fre-
quently modified article — “George W. Bush” with 44,296 up-
dates in 10 years (mean delay F[U] = 1.86 hours). The figure
is a close match to Pareto tail (1 + 2/3)~* with o = 1.4 and
8 = 0.93. In Fig. 9(b), we show the corresponding auto-cor-
relation function p(h) with a power-law fit A =937, which sug-
gests long-range dependence (LRD) with Hurst parameter 0.81.
Of course, LRD effects might be caused and/or compounded by
non-stationarity. To address this question, Fig. 9(c) shows the
update rate throughout the day, clearly indicating non-stationary
dynamics.

This example underscores the need to keep the model general
and not limit results to renewal or even stationary cases, which
was our goal with assumptions (5)—(6). Approximating Fiy(z)
as non-lattice and using constant IJ, we next compute the prob-
ability of staleness for this page by supplying (42) with George
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Fig. 10. Application of staleness models to the update process of George W.
Bush. (a) Crawl rate. (b) Ratio.

W. Bush' empirically computed distribution Fy; (z). We contrast
the result against the closest Poisson formula 1—A(1—e #*/*) /u
from [10]. Fig. 9(d) shows that (42) is accurate, but the Poisson
approximation suffers over 100% relative error for much of the
examined range.

What is more important is the performance of the model in
providing an accurate assessment of the download bandwidth
needed to achieve a given p. We invert the formulas to solve
for A as a function of p and plot the result in Fig. 10(a). These
results show a much more dramatic difference. For example,
20% staleness requires 95 downloads/day according to previous
Poisson models, while in reality this can be achieved with just 8.
To illustrate this better, we show the ratio of these two curves in
Fig. 10(b), where the amount of Poisson overestimation varies
from one to almost two orders of magnitude depending on the
desired p.

C. Aggregation (Many-to-One)

When a single replica tracks M sources, as in Fig. 1(a), per-
formance is assessed by its ability to provide usable aggregate
information to the consumer. If sources are independent, many
results are relatively easy to obtain. For example, consider a
system that selects a replica and loads it with a MapReduce job
that has to execute over the data of all sources. A computation
may be considered successful if at least one source is fresh at the
time of job request. Then, the fraction of successful attempts is
1-— Hf\il p;, where p; in (36) is the probability of staleness for
source ¢. Alternatively, application consistency may require that
all sources be simultaneously fresh, which leads to the proba-
bility of success via [T22, (1 — p;).

A more interesting problem is optimal allocation of down-
load rates to different sources. Suppose ¢; is the probability that
an incoming query requests data from source ¢ and g; is its up-
date rate. Then, the goal is to allocate refresh rates A; so as to
optimize the expected staleness cost C'(\;, 41;) for a given band-
width budget A:

M M
min Y q;C(Ai, ;) subject to Y X <A, (66)
i=1 i=1

where C'(\;, p1;) refers to either 7j or .

For A < Zf\il w; and certain choices of w(x), solutions
to (66) using cost 77 are known to completely starve frequently
modified sources in favor of those that are updating slowly [10].
Since (66) does not have a closed-form solution under 77 even
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in the simplest cases, specific conditions for starvation are not
clear. Complete loss of synchronization for sources whose p;
is above some (typically unknown) threshold may be an unwel-
come surprise for many applications. This naturally leads to the
question of whether p suffers from the same drawback. We ad-
dress this next.

Theorem 12: Assume q;p1; > g4 445 > 0 and let refresh delays
be optimal (i.e., constant). Then, the solution to (66) using p
guarantees that A\; > A; > 0.

Proof: Using Lagrange multipliers, we get that all partial
derivatives of ¢;C'(p;, A;) must equal some constant &:

o 0l@Clpis )] O ws(1/A)]

KR = a)\l — 1f 8}\2 " (67)

which follows from (50) and D; = 1/A;. Expanding, we get
k= qipif(A\;), where

fa) = 20 1) (68)
is a monotonically non-increasing function:
F(a) = 7102(12/1‘) 7w(;?{:v)+w2$2/=’17) _ 7“’(31;?{5”)_ (69)

xr

Notice that f(;) > 0 for all A; since w3 is an integral of
way(z) from 0 to 1/X;. Therefore, k > 0 and the relationship
between p; and A; is determined by:

x:f-1< r )
’ itk

If since f is non-increasing, larger ¢;1; implies larger ;. Fi-
nally, since f(x) > 0 for all > 0, it follows that its inverse
/71 has the same properly and thus no positive ¢;p; > 0 can
achieve A; = (0. This means the optimal allocated rate must be
strictly positive (i.e., no starvation). [ |

To explain how optimization with 5 can be used, we as-
sume constant D and w(z) = 1, with the goal to maximize
Zf\il 4;: E[M;(1)]. Solving (66), the optimal download rate of
each page is proportional to the square root of g;pi;:

A= A VEE Vit

(70)

2\ 2A

' (71)
M
it VTG
The optimal penalty is then:
M M Iy ,
S B = S B - i VB g
i=1

i=1

Define random variable p to have the same distribution as
{1, par}- Then, for the most basic scenario where all
pages are equally popular, i.e., ¢; = 1/M, we get:

27 (73)

M
Ely/p)
> aE[M;(t)] =M Vil
i=1
For the other extreme, where pages are searched for in pro-
portion to their modification rate, i.e., g; ~ p;, we have:

Elu]

D GEMi(t) = M= = (74)
=1
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To put these models in perspective, we use Wikipedia's dis-
tribution of g, which happens to be quite heavy-tailed (i.e., Zipf
shape o« = 0.6). The average update rate across all pages is
E[p] = 8 updates/day; however, 98% of them exhibit z; less
than 1/day, 90% less than 1/week, and 50% below 8/year. Using
this distribution in (73) and (74) shows that optimizing staleness
of the entire Wikipedia under uniform page access ¢; = 1/M
requires 46 times less bandwidth A than under Zipf. This can
be explained by the fact that keeping frequently modified pages
fresh costs more bandwidth. This effect is related to the variance

of /it
Bl _ Varlyi+ E[VAP? _ Varlyd]

+1. (7%

Ely/n]? B[/ El/a?
Consider extrapolating these results to M = 100 B
sources and keeping the expected consumer lag

Zf\il @ E[M;(t)] below w updates. We use the two
models above as lower/upper bounds on the actual
search-engine crawl rate. The first case requires download
capability Ay = M - E[\/u*/20 = 99/w thousand
pages per second (pps), while the second one A, = M -
Elp]/2w = 4.6/w million pps. For w = 10 and 25 KB per
page, these translate into 2 and 92 Gbps, respectively. Results
can be easily adjusted to non-Wikipedia situations as long as
E|[\/p] and E[u] are known.

D. Load-Balancing (One-to-Many)

The issue of redundant replication from a single source, as in
Fig. 1(b), to m nodes is quite different from the opposite case
considered in the previous subsection. When the source fails,
suppose the goal is to deduce the expected penalty afforded
by the freshest member of the entire collection of m replicas.
The issue at stake is how this 1 X m case compares to a single
replica with some refresh rate A and optimal D. To keep compar-
ison fair, assume that each of the m replicas is allowed budget
A/m in synchronization with the source. Decentralized oper-
ation leads to much better robustness under failure, but is it
possible that this causes reduced freshness? If so, what is the
amount of extra download bandwidth needed to keep both sce-
narios equally stale?

The main caveat in solving this problem is that staleness
at different replicas is no longer independent. This happens
because updates at the source simultaneously make all copies
outdated, which means that reliability does not benefit ex-
ponentially with increased m. To overcome this issue, let
N1, ..., N% be the download processes used by the individual
replicas. Then, observe that the entire collection can be replaced
by a single replica that implements a refresh pattern V7, which
is a superposition of all point processes { N5 }™ . Therefore,
the source can be recovered during the crash with a probability
determined solely by N7j.

If we assume centralized scheduling between the replicas,
then it is possible to run the system optimally (i.e., using a per-
fectly spaced out round-robin) and thus keep the overall penalty
exactly the same as with a single replica. Under fully decentral-
ized (i.e., independent) replica operation and m — oo, each
rate A/m — 0 and thus N, likely converges in distribution to a
Poisson process with rate A (Palm-Khintchine theorem [22]).
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This creates a problem, however, because exponential DD re-
quires noticeably more overhead than constant D to achieve
the same staleness penalty. For example, using our model for
p and discussion after (54), this difference is by a factor of 2 for
w(z) = 1 and by a factor of 6 for w(z) = x, which shows that a
distributed cluster of replicas may need to consume 100-500%
more bandwidth than a centralized solution for a given level of
QoS (quality-of-service).

E. Many-to-Many

We conclude the paper by noting that Internet applications
often combine the last two scenarios, i.e., M x 1 and 1 xm repli-
cation, into a single framework. However, these problems are
usually separable into subproblems that can be reduced to the
analysis above. For example, suppose we are interested in the
probability that a query to a random subset of j replicas finds at
least one of the & sources fresh. First, we compute the staleness
probability for each source based on the aggregate synchroniza-
tion process Ny, from j replicas. Second, since each source is
independent, we multiply these probabilities to deduce the like-
lihood that all k& sources are stale. Taking the complement of the
result, we get the desired probability.

VII. CONCLUSION

The paper introduced a novel model of sampled age under
general non-Poisson update/synchronization processes and ap-
plied it to obtain many useful metrics of staleness. We addi-
tionally established that constant inter-refresh intervals were
optimal for all considered cases and provided guidelines for
achieving ASTA even in those cases. We finally considered a
family of related problems stemming from 1 x m and M x 1
replication, showing that they can be easily solved from the pre-
ceding analysis of the 1x 1 case.

Future work involves reducing staleness when Np is allowed
to depend on observations of Ny and/or prior knowledge of its
distribution of update cycles Fy; ().
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